Introduction
In this paper, we consider a problem of identifying an unknown function ( , ) u x t in the heat conduction equation [ aluminum rod of length 10 cm be initially at the uniform temperature 0 °C. Suppose that at time t = 0, the end x = 0 is heated to 100 °C, while the end x = 10 is heated to 50 °C and both are thereafter maintained at those temperatures. One needs to find the temperature distribution u(x, t) in the rod at any time t. This problem can be modeled by the equations: The Crank-Nicolson method is employed to discretize the problem (1), a large sparse system of linear algebraic equations is obtained. There are many numerical algorithms to solve large systems of linear algebraic equations AX b = , where n n A R × ∈ and , n X b R ∈ . They are typically classified as one of iterative, Monte Carlo and direct methods. The iterative methods are preferred for sparse A with relatively small n and high precision. When n is large and the required precision is relatively low, Monte Carlo methods are preferred [3] . Direct methods are favorable for dense A with relatively small n. In this paper, we shall use Monte Carlo method to solve AX = b.
Monte Carlo algorithms have many advantages. For one thing, these algorithms are parallel, and have high efficiency [4] , for another thing, these algorithms are preferable for solving large sparse systems of linear algebraic equations, such as those arising from approximations of PDE [1, 5, 6 ]. Many numerical methods in which used Crank-Nicolson scheme to discretize PDF, such as diffusion equation, non-linear parabolic equation, etc., have successfully solved these equations [7] [8] [9] .
Crank-Nicolson method for discretizing
is divided into an n N × mesh with the spatial-step size h = 1/n in the x-direction and the time-step size τ = T/N, respectively. Denote
. We define the difference operators as:
By Taylor's expansion:
where 1 1 i n ≤ ≤ − , 0 k ≥ , and
Similarly, we have:
Based on eqs. (5), (6), and (7), eq. (2) can be transformed:
where ik R is higher order term. Omit ik R from eq. (8), and consider initial condition and boundary conditions at point ( , )
i k x t , we have:
According to eq. (9) , thus further the equation is expressed as:
1 ( ) ξ ≤ is true.
Lemma 1.
Given that we have a well-posed linear initial value problem and a linear finite difference approximation, and that the consistency condition exists, therefore stability is the necessary and sufficient condition for convergence [2] .
Theorem 4.
If U is the exact solution of the problem (1) and u is the exact solution of the finite difference eq. (9), then u converges to U as h and τ tend to zero.
Proof. From theorems 2 and 3 and lemma 1, we can obtain theorem 4.
The solution of the linear system of algebraic equation
Consider the following Jacobi over-relaxation iterative method for solving eq. (10):
(1 ) . Equation (12) can be written as:
,
0 U = , from eq. (13), we obtain:
The eigenvalues of matrix L are:
Then the spectral radius of matrix L meets ( ) 1 L ρ < , this property is a necessary and sufficient condition for convergence, i. e. as n − and transition matrix { },
The weight function W m for the Markov chain is defined in the form:
Random variable associated with the sample path
where k is an integer number and 
Discussion of the numerical result
In this section, we perform numerical tests for the proposed algorithm. Example 1. Consider the problem u t = a(t)u xx , 0 < x < 1, t > 0 with u(x, 0) = = 2e x , 0 < x < 1; u(0, t) = The results obtained for ( , ) u x t are presented in tab. 1.
Example 2.
Consider u t = a(t)u xx , 0 < x < 10, t > 0 with u(x, 0) = 0 (0 < x < 10), u(0, t) = 100, and u(10, t) = 50 (t > 0), where a(t) = 0.835 [10] .
Its exact solution u(2, 10) = 64.8018. The obtained results are presented in tab. 2. 
Conclusions
This paper reports a new method to solve a heat conduction equation. We first discretize governing equations by Crank-Nicolson method, and obtain a large sparse system of linear algebraic equations AX = b, then use Jacobi over-relaxation iterative method and Monte Carlo method to solve the algebraic equations. The numerical results show that the proposed numerical method is efficient and accurate to estimate the temperature distribution u(x, t) in eq. (1).
